In this study, Gegenbauer wavelets are used to present two numerical methods for solving the coupled system of Burgers' equations with a time-fractional derivative. In the presented methods, we combined the operational matrix of fractional integration with the Galerkin method and the collocation method to obtain a numerical solution of the coupled system of Burgers' equations with a time-fractional derivative. The properties of Gegenbauer wavelets were used to transform this system to a system of nonlinear algebraic equations in the unknown expansion coefficients. The Galerkin method and collocation method were used to find these coefficients. The main aim of this study was to indicate that the Gegenbauer wavelets-based methods is suitable and efficient for the coupled system of Burgers' equations with time-fractional derivative. The obtained results show the applicability and efficiency of the presented Gegenbaur wavelets-based methods.
Introduction
The aim of this study is to present the numerical solutions by aid of the Gegenbauer wavelet collocation method with an operational matrix of fractional integration and the Gegenbauer wavelet Galerkin method for the following coupled system of Burgers' equations with time-fractional derivative [1] :
with initial and boundary conditions
and u(0, t) = g 1 (t), u(1, t) = g 2 (t), t ∈ [0, 1] v(0, t) = h 1 (t), v(1, t) = h 2 (t), t ∈ [0, 1]
in which α parameter depicts the order of time fractional derivatives. α 1 and α 2 are arbitrary constants hinging on the system such as the Peclet number, Stokes velocity of particles due to gravity, and with time-fractional derivative and this system to a system of algebraic equations, which can be solved easily. Firstly, we begin by presenting some basic definitions and fundamental relations of fractional calculus in Section 2. In Section 3, the properties of Gegenbauer wavelets are described. The approximation of a function by using Gegenbauer wavelets are briefly presented in Section 4. The operational matrix of fractional integration is defined in Section 5. In Section 6, to find the approximation solution for the coupled system of Burgers' equations with time-fractional derivative, the presented methods are presented. Finally, the last section includes the conclusions.
Mathematical Preliminaries of Fractional Calculus
We present some basic definitions and properties of the fractional calculus theory used in this paper.
Definition (Riemann-Liouville Integral):
The Riemann-Liouville fractional integration operator I α (α > 0) of a function u(t), is defined as [36, 37] 
in which + is the set of positive real numbers. Some properties of the Riemann-Liouville fractional integral are as follows:
Definition (Caputo Fractional Derivative):
The fractional derivative of u(t) in the Caputo sense is defined as [36, 37] :
The Caputo fractional derivative has the following well-established properties:
Gegenbauer Polynomials and Gegenbauer Wavelets
For Gegenbauer polynomials [38, 39] , or ultraspherical harmonics polynomials, C β m (x) is of order m which satisfy the following singular Sturm-Liouville equation in [−1, 1] :
and defined on the interval [−1, 1]. Gegenbauer polynomials' recurrence formulae are given by:
Gegenbauer polynomials are defined by the generating function as [40] ,
Gegenbauer polynomials have the following relations as given [40] .
The following integral formula can be obtained from the Rodrigues formula [40] .
According to the weight function w(x) = 1 − x 2 β− 1 2 , Gegenbauer polynomials are orthogonal on
m!(m+β)(Γ(β)) 2 is called the normalizing factor, and δ is the Kronecker delta function [39] . From the Gegenbauer polynomials, for β = 0, β = 1 and β = 1 2 we get the first-kind Chebyshev polynomials as [38] :
second kind Chebyshev polynomials as [38] :
and Legendre polynomial as [38] :
respectively. Gegenbauer wavelets are written as ψ m,n (x) = ψ(k, n, m, x)
in which k = 1, 2, 3, . . . , is the level of resolution, n = 1, 2, 3, . . . , 2 k−1 ,n = 2n − 1, is the translation parameter, and m = 0, 1, 2, . . . , M − 1 is the order of the Gegenbauer polynomials, M > 0.
Gegenbauer wavelets are defined on the interval [0, 1] by
in which C β m 2 k x −n are Gegenbauer polynomials of degree m and β is the known ultraspherical parameter. Corresponding to each β > − 1 2 , we get a different family of wavelets, i.e., when β = 1 2 , we have Legendre wavelets. For β = 0 and β = 1, we get the first kind Chebyshev wavelet and the second kind Chebyshev wavelet, respectively.
Gegenbauer wavelets are orthogonal on [0, 1] with respect to the weight function as follows:
Function Approximation by Gegenbauer Wavelets
A square integrable function u(x) on the interval [0, 1] can be expanded by Gegenbauer wavelets as:
in which c nm values are wavelet coefficients, and these coefficients can be calculated with the inner product c nm = u(x), ψ nm (x) w n . If the infinite series expansion in Equation (5) is truncated, then Equation (5) can be written as:
where T points to transposition, and C and Ψ(x) are vectors given by:
For a more compact notation, Equation (5) can be written as:
and the relation i = M(n − 1) + m + 1 is used for finding the index i.
In the same manner, a square integrable function u(x, t) on the domain [0, 1] × [0, 1] may be represented in terms of a Gegenbauer wavelet as:
in which u ij wavelets coefficients can be calculated with the inner product
By taking the collocation points as:
and by substituting the collocation points into Equation (8), we can define the Gegenbauer wavelet matrix Φm ×m as:
Operational Matrix of Fractional Integration
The fractional integration of order α of the vector Ψ(x), which is defined in Equation (8), can be defined as:
in which them ×m matrix P α is the operational matrix of fractional integration of order α for Gegenbauer wavelets. As shown in reference [41] , the matrix P α can be approximated as:
in which them ×m matrix P α B is called the operational matrix of integration for block pulse functions and is taken in reference [41] as:
Description of the Presented Methods

Gegenbauer Wavelets Collocation Method (GWCM)
We consider the coupled system of Burgers' equations with time-fractional derivative given by Equations (1) and (2) with initial conditions given by Equation (3) and boundary conditions given by Equation (4). For solving this system, we assume:
in which U = u ij m×m and V = v ij m×m are unknown matrices which should be determined. By integrating of order α of Equation (12) with respect to t and considering the initial condition, we get:
When we integrate Equation (12) two times with respect to x, we obtain:
By putting x = 1 into Equation (15) and considering boundary conditions, we get:
Now we integrate of order α of Equation (16) with respect to t, we obtain
in which
Similarly, we get:
for v(x, t).
When we substitute Equations (14), (16) , (18) , (19) , and (21)-(23) into Equations (1) and (2) and we take the collocation points for both t and x, we get a nonlinear system of algebraic equations. From this system, the wavelet coefficients u ij and v ij can be successively calculated.
Gegenbauer Wavelets Galerkin Method (GWGM)
The Gegenbauer wavelet expansion, together with the operational matrix of integration, is utilized to solve the coupled system of Burgers' equations with time-fractional derivative, given by:
and
For solving this system, by integrating of order α each equation of this system with respect to t and considering the initial conditions, we find the integral form of the coupled system of Burgers' equations with time-fractional derivative as follows:
Now, we approximate
by the Gegenbauer wavelets as follows:
in which U = u ij m×m is an unknown matrix which should be determined. When we integrate Equation (26) two times with respect to x, we get:
And we put x = 1 in Equation (28) and we consider the boundary conditions, we have:
g 1 (t) and g 2 (t) can be expressed by a terminated Gegenbauer wavelet series at the valuem as follows:
in which G 1 and G 2 are the Gegenbauer wavelet coefficients vectors. If we substitute Equation (30) into Equation (29), we have:
By substituting Equation (31) into Equations (27) and (28), we obtain:
in which x = Ψ(x) T X and 1 = Ψ(x) T E. Furthermore, we can be expressed by a terminated Gegenbauer wavelet series at the valuem as follows:
where F 1 and Q 1 are the Gegenbauer wavelet coefficients matrices.
Similarly, we approximate
in which V = v ij m×m is an unknown matrix which should be determined. When we integrate Equation (35) two times with respect to x, we get:
And we put x = 1 in Equation (37) and we consider the boundary conditions, we have:
in which H 1 and H 2 are the Gegenbauer wavelet coefficients vectors. If we substitute Equation (39) into Equation (38), we have:
By substituting Equation (40) into Equations (36) and (37), we obtain:
in which x = Ψ(x) T X and 1 = Ψ(x) T E. Furthermore, it can be expressed by a terminated Gegenbauer wavelet series at the valuem as follows:
where F 2 is the Gegenbauer wavelet coefficients vector. Now by substituting Equations (26), (32)-(34), (41) and (42) into Equations (24) and (32) , (33) , (35) , and (41)-(43) into Equation (25) , respectively, then using operational matrices of integration, we get the residuals functions R 1 (x, t) and R 2 (x, t) for this system as follows:
As in Galerkin method [42] , for u ij and v ij , , i = 1, 2, . . . ,m we get 2m 2 non-linear algebraic equations as follows:
Eventually, by solving this system for the unknown matrices U and V, we obtain approximate solutions for the coupled system of Burgers' equations with time-fractional derivative using Equations (33) and (42) .
Test Problem
In this section, we give test problem to show the performance of the presented methods by measuring the absolute error and maximum error L ∞ at points (x i , t i ) ∈ [0, 1] × [0, 1]. The absolute error and maximum error L ∞ are defined as
The obtained errors are showed in tables. Here, our test problem is solved by the Gegenbauer wavelet collocation method for k = 2, M = 3. The Gegenbauer wavelet Galerkin method is applied to this problem for k = 1, M = 3.
Problem. We consider the coupled system of Burgers' equations with time-fractional derivative with α 1 = α 2 = 5 2 , q 1 (x, t) = q 2 (x, t) = 0 [18] . And we have
The exact solution of the coupled system of Burgers' equations for α = 1 is
Boundary conditions and initial conditions are obtained from exact solution and λ is an arbitrary constant. Tables 1 and 2 show the maximum errors in the collocation points for different values of β, α = 0.75 and α = 0.90, respectively. We can see that as the value of α approaches 1, approximate results converge to the exact solution. Tables 3 and 4 present the absolute errors obtained by the Gegenbauer wavelet Galerkin method and the Gegenbauer wavelet Collocation method for β = 1/2, α = 0.75, α = 0.90 and α = 1. As numerical results in Tables 3 and 4 reveal, the numerical results obtained using the Gegenbauer wavelet collocation method are better than the numerical results obtained using the Gegenbauer wavelet Galerkin method. Table 2 . For λ = 0.005 and α = 0.90, Maximum error (L ∞ ) of example with the Gegenbauer wavelet Collocation method for various values of β.
x β=−0.49 β=0.5 β=1.5 β=2.5 Table 3 . Absolute errors of the approximate solutions obtained using the Gegenbauer wavelet collocation method and the Gegenbauer wavelet Galerkin Method at various points of x and t for β = 0.5. For α = 1, α = 0.90 and α = 0.75, the physical behaviors of the absolute errors obtained using the Gegenbauer wavelet Galerkin method and the Gegenbauer wavelet collocation method at different times are depicted in Figures 1-3 , respectively. Figure 4 is drawn to show that the Maple code written for the Gegenbauer wavelet collocation method is faster than the Maple code written for the Gegenbauer wavelet Galerkin method for k = 1, M = 3 and β = 1/2. All of the above computations were computed using the computer code written in Maple 18. , the physical behaviors of the absolute errors obtained using the Gegenbauer wavelet Galerkin method and the Gegenbauer wavelet collocation method at different times are depicted in Figures 1-3 , respectively. Figure 4 is drawn to show that the Maple 
Conclusions
The main goal of this paper is to build up for obtaining numerical solutions of the coupled system of Burgers' equations with time-fractional derivative using the Gegenbauer wavelet collocation method and the Gegenbauer wavelet Galerkin method at different values of x, t, and α. The obtained numerical results are compared with the exact solution. Consequently, it is manifestly seen that the Gegenbauer wavelet collocation method is more effective method than the Gegenbauer wavelet Galerkin method and the Gegenbauer wavelet collocation method construct the acceptable results for the numerical solution of the coupled system of Burgers' equations with time-fractional derivative. Another profit of these methods are that the proposed schemes, with some modifications, appear to be easily extended to find numerical solutions of partial differential equations and the systems of partial differential equations from different branches of science and engineering. 
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